SUBTRACTION GAMES WITH THREE ELEMENT 
SUBTRACTION SETS 



NHAN BAO HO 

Abstract. We study the periodicity of nim-sequences of subtrac- 
tion games having subtraction sets with three elements. In partic- 
ular, we give solutions in several cases, and we describe how these 
subtraction sets can be augmented by additional numbers without 
changing the nim-sequence. The paper concludes with two conjec- 
tures. 



1. Introduction 

A subtraction game is a two-player game involved a pile of coins and 
a finite set 5* of positive integers called the subtraction set. The two 
players move alternately, subtracting some s coins such that s E S. 
The player who makes the last move wins. Subtraction games provide 
classical examples of impartial combinatorial games; see [UlSlll]. They 
are completely understood for two element subtraction sets. For larger 
subtraction sets, they are known to be all ultimately periodic [21 P-83], 
but a complete solution of these games is still not known, even for three 
element subtraction sets. The purpose of this paper is to report further 
results in this area. 

Before presenting our results, we need to recall some notation and 
terminology. Throughout this paper, subtraction sets S = {si, S2, ■ ■ ■ , Sk} 
will be ordered Si < S2 < ■ ■ ■ < s^. The subtraction game with the 
subtraction set S is denoted by S{S) or S{si, S2, ■ ■ ■ , Sk). It is well 
known that it suffices to consider subtraction sets whose members are 
relatively prime [1| p. 529]. If G is a subtraction game, then for each 
non-negative integer n, we denote Qcin) (or just Q{n) if there is no 
confusion) the Sprague- Grundy value, or nim-value for short, of the 
single pile of size n of the game G. The sequence {Q{n)} is called the 
nim-sequence of the subtraction game G. Recall that {Q{n)} is said 
to be ultimately periodic if there exist integers p > I and uq > 1 such 
that Q{n + p) = Q{n) for all n > Uq. The smallest such numbers p 
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and no are called the period and pre-period respectively. If no = then 
the sequence is said to be periodic. Aspects of subtraction games are 
studied in [H [3l H] . The following lemma gives a short algorithm for 
checking if the nim-sequence of a subtraction game is periodic. 

Lemma 1. [1, p. 148] If G = S{si, Sk) be a subtraction game and 
G{n + p) = Q{n) for Uq < n < Uq + Sk, then G is periodic with period 
p and pre-period uq. 

For a given subtraction set 5, if there exists a positive integer s such 
that Q{n + s) 7^ Qin) for all nonnegative integers n, then s can be 
added into the subtraction set S without changing the nim-sequence of 
S{S) [3^, p. 84]. Let S^"" be the set consisting of all such s. If S{S) is 
periodic with period p, then the set S*^ = {s + mp\s G S", m > 0} is a 
subset of 5*"^^'. For ultimately periodic subtraction games, the inclusion 
g*p C S"^^ does not necessarily hold. In fact, for many subtraction 
games, we have S'^^ = S. For this reason, if S*^^' = 5**^ or 5*^^ = S, the 
subtraction set S is said to be non- expandable. Otherwise, S*"^^' is called 
the expansion of the subtraction set 5*. Some values of the expansions 
of certain subtraction sets with numbers up to 7 can be found in [31 
pp. 84-85]. 

If the nim-sequence of a subtraction game G is purely periodic with 
period 2, then it has alternating nim-values 0, 1, 0, 1, 0, 1, . . ., and is 
said to be bipartite. If G is periodic with period 2, and so ultimately 
has alternating nim-values 0,1,0,1,0,1,..., then G is said to be ulti- 
mately bipartite. The following result from [5] shows that for bipartite 
subtraction games, S'^^ is the set of odd positive integers. 

Theorem 1. Let S be a subtraction set with gcd(S') = 1. The subtrac- 
tion game S{S) is bipartite if and only if 1 ^ S and the elements of S 
are all odd. 

This paper is organised as follows. In Section 2, we give the ex- 
pansion of 2-element subtraction sets. In Section 3, we consider the 
periodicity of some subtraction games of the form S{1, a, b) and the ex- 
pansions of these subtraction sets. We then consider subtraction games 
iS(a, b,a -\- b) in Section 4. Some subtraction games of different forms 
are presented in Sections 5 and 6. In Section 7, we present a family of 
ultimately bipartite subtraction games and we examine the expansions 
of subtraction sets of ultimately bipartite subtraction games. In the 
final section, we present two conjectures that have become apparent 
during this work. 

Throughout this paper, when saying that a subtraction game has 
periodic p and nim-sequence gig2 ■ ■ ■ gp, we mean that ultimately, the 
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nim- sequence is the infinite repetition of tlie subsequence gi,g2, . . . , g-p. 
The omission of commas between tlie nim-values does not lead to any 
misunderstanding as all nim-values presented in this paper have ex- 
actly one digit. We do not give the proofs for all results. There are 
considerable similarities in the proofs of the various results. We give 
one proof for the expansion of the subtraction set (Theorem [2]) and 
one proof for the nim-sequence (Theorem [3]). The details of proofs for 
other stated results are similar; some are quite tedious but they are all 
straight forward. 




2. Subtraction games S{a, b) 

This section studies the expansion of subtraction set {a, b} where a, b 
are relatively prime with a < b. We assume furthermore that if a = 1, 
then b is not odd, since that case is treated by Theorem [TJ Berlekamp 
et al. [4, p. 530] showed that in this case, ii b = sa + r for some s,r 
with s>l,0<r<a then the subtraction game S{a,b) is periodic 
with period a + b and nim-sequence 

if s is even; 
if s is odd. 

Moreover, they also observed that the expansion S^^ is periodic in the 
sense that if n G S^^, then n + a + b G S'^^. We include this observation 
in a more general result as follows: 

Theorem 2. Let a,b be relatively prime, positive integers such that 
a < b. Suppose furthermore that if a = 1, then b is even. Consider the 
subtraction game S{a,b). If a + 1 < b < 2a, then the subtraction set 
has expansion 

{a,a + l,...,6}*('^+^). 
// either a = 1, or b = a + 1, or b > 2a, then the subtraction set is 
non- expandable. 

Proof. Note that for non-negative integers k,j such that ka + j < 6 we 
have 



g{ka + j] 



if k is even; 
otherwise. 



We first prove the case where a = 1. It is sufficient to show that for 
all c G {0, 1, . . . , b}, there exists n such that Q{n + c) = Q{n). 

Note that b is even and the nim-sequence is 

(01)52. 
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If c is even, let n = 0. We have Q{n + c) = = Q{n). If c is odd, let 
n — b — 1. Asl<c — 2<6 — 3, we have 

g(n + c) = g{b-i + c) = g{b + i + c-2) = g{c-2) g(n). 

For a > 1, our first goal is to show that if either 0<c<a — lor 
b + 1 < c < a + b — 1, there exists n such that ^(n + c) = ^(n) . In fact, 
let n — a. In the former case, we have a + c <2a — 1 and so 

g{n + c)^g{a + c)^l^g{n). 

In the latter case, we have a + c — a + b + c — b and l<c — 6<o — 1, 
so 

g{n + c) = ^(a + c) = ^(c - 6) = = g{n). 

We now consider integers between a and 6. First suppose that b < 2a 
and let a < c < 6. We claim that g{n + c) ^ ^(n) for all n. Recall 
that the nim-sequence of 5 (a, 6) is: 

0n"2", if 6 = 2a; 
0"1"2^ if 6 = a + r. 

It can be checked that if g{n) is in a block O's then ^(n+c) is either in a 
block I's or in a block 2's; if ^(n) is in a block I's then ^(n + c) is either 
in a block 2's or in a block O's; if gin) is in a block 2's then ^(n + c) is 
cither in a block O's or in a block I's. Therefore, ^(n+c) 7^ ^(n). When 
b > 2a, it remains to show that ii a < c < b, there exists positive integer 
n such that g{n + c) — g{n). Assume that c — ka + i for some integers 
k, i with k>l,0<i<a,a<ka + i<b. Consider the case where k is 
even. If /c < s, let n = 0. Then g{n + c) = g{ka + i) = = ^(n). If 
k = s then i < r. Let n = sa — a. Since sa + a + r = a + 6, we have 

^(n + ka + i) = g{sa + a + r + {k — 2)a + i — r) 

= g{{k - 3)a + a + i - r) = g{{k - 3)a) = 1 = g{n). 

Consider the case where k is odd. If A; = 1, then i > 0. Let n = a — 1. 

We have 

gin + c) = g{a-l+i{a + b)+a + i) = g{2a + i - 1) = = g{n). 

If A; > 1, we consider the parity of s. Assume that s is even. If i < r, 
let 

n — b — a — i — {s — l)a -\-r — i. 
We have g{n) — 1 and 

g{n + c) = g{b-a-i + ka + i) = ^(6 + a + (A; - 2)a) = ^?((A;-2)a) = 1. 

If i > r = 0, let n = 6 — a. We have g{n) — 1 and 

g{n+c) = g{b-a+ka+i) = g{a+b+{k-2)a+i) = ^((A;-2)a+i) = 1. 
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If i > r > 0, let n = a — z + r — 1, we have 

g{n + c) = g{a-i + r-l + ka + i) = g{{k + l)a + r - l) = = g{n). 
Assume that s is odd. If i < r, let n — sa. We have g{n) — 1 and 
g{n + c) — g{sa + ka + i) — ^(sa + a + r + {k — 2)a + a + i — r) 
^ g{{k - 2)a + a + i - r) ^ 1. 

If i > r, let n so + a — 1. We have g{n) — 1 and 

g{n + c) = g{sa + a — l + ka + i) = g{sa + a + r + ka + i — r — 1) 
= g{ka + i - r - 1) = 1. 

If i = r, then i ^ and k < s. Let n = a — 1, we have g{n) = and 
g{n + c) ^g{a-l + ka + i) ^g{{k + l)a + i- l) 
^g{{k + l)a) ^0. 

□ 

3. Subtraction games 5(1, a, b) 

In this section, we examine the periodicity and the expansions of 
some subtraction games of the form S{l,a,b) in which a < b and a,b 
are not both odd. Assume that b = ka + r for some k > l,r < a. We 
will present in this section the subtractions of the form {l,a,ka + r) 
where A; < 3. We will classify the games 5(1, a, ka+r) into four families 
by the parity of a, r. We begin with the case where a is odd and b is 
even. 

Theorem 3. Let a be an odd positive integer and let b be an even 
positive integer with a < b. The subtraction game S{1, a, b) is periodic 
with the period a + b and nim-sequence 

, X b , , a—1 

(01)5(23) — 2. 

Moreover, the subtraction set has expansion 

{{1, 3, . . . , a} U {6, 6 + 2, . . . , 6 + a - 1}}*(«+^). 

Proof. We will only give the proof for the nim-sequence. We will show 
that the nim-sequence satisfies the condition g{n + a + b) — g{n) for 
0<n<a-|-6 — 1 and the first a + b nim- values are 

, , 6 , , a — 1 

(01)2(23)— 2. 
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Consider Q (n) where 0<n<6— 1. It can be checked by induction 
that 



;i) Gin) 



if is even; 

1 otherwise. 



Consider G{n) where b<n<a + b — 1. We have Q{n) = mex{Q{n 
b),G{n — a),Q{n — 1)}. One can check by induction that 



(2) Qin) 



2 if n is even; 

3 otherwise. 



Consider Q{n) where a + b < n < a + 26 — 1. We have Q{n) - 
mex{Q{n — b),Q{n — a),Q{n — 1)}. We can check by induction that 



(3) g{n) 



if is odd; 

1 otherwise. 



Consider Q{n) where a + 2b < n < 2{a + 6) — 1. We have Q{n) - 
mex{Q{n — h),Q{n — a),Q{n — 1)}. We can check by induction that 



(4) g{n) 



2 if n is odd; 

3 otherwise. 



By combining ([I]) to (jl]), we have the first 2 (a + 6) nim- values as follows 

, . h , . a— 1 

(01)2(23) — 2 

/ s ^ / s a — 1 

(01)5(23) — 2. 

Note that the condition Q{n + a + b) = Q{n) holds for < n < a + b—1. 
By Lemma [H the subtraction game 5(1, a, 6) is periodic with the period 
a + b and nim-sequence 

. b , . a — 1 

(01)5(23) — 2. 

□ 

Remark 1 . The nim sequence for the special case 6 = a + 1 of Theorem 
[3] was given in Berlekamp et al. 

Note that if a is odd, the game 5(1, a, b) has been solved in Theorem 
[1] (if b is odd) and Theorem [3] (if b is even). Therefore, in the rest of this 
section, we will only consider the game 5(1, a, 6) where a is even. We 
divide the rest of this section into three parts corresponding to three 
cases of the game 5(1, a, ka + r) where A; < 3: k = 1, k = 2, and k = 3. 
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3.1. Subtraction games 5(1, a, a + r). There are two possibilities for 
r: (i) r is even, and (ii) r is odd. For (i), we have 

Theorem 4. Let a, r be even positive integers with a > r. The subtrac- 
tion game 5(1, a, a + r) is periodic with period 2a + r and nim-sequence 

(01)t2(01)§(23)5-^2. 

Moreover, the subtraction set has expansion 

{1, a, a + 2, . . . , a + r, 2a + r - l}*(2«+0. 

For (ii), we first present the game iS(l, a, a + r) with r = 1. It was 
shown in ^ that the subtraction game iS(l, a, a + 1), where a is even, 
is periodic with period 2a and nim-sequence 

(01)2(23)2. 

We now present the expansion of the subtraction set (1, a, a + 1). 

Theorem 5. Let a > 2 be an even integer. The subtraction game 
iS(l,a,a + l) has expansion 

{{1, 3, . . . , a - 1} U {a} U {a + 1, a + 1 + 2, . . . , 2a - l}}*^^''). 

When r > 3, we consider two cases for a: a = r + 1 and a > r + 3. 

Theorem 6. Let r > 3 be an odd integer and let a = r + 1. The 
subtraction game 5(1, a, a+r), which becomes 5(1, a, 2a— 1), is periodic 
with period 2a and nim-sequence 

(01)22(01) — 2. 
Moreover, the subtraction set is non- expandable. 

Theorem 7. Let r > 3 be an odd integer and a > r + 3 be an even 
integer. The subtraction game 5(1, a, a + r) is ultimately periodic with 
period 2a + r and nim-sequence 

(01) — 2(01) — 2(01) — (23)^^2. 

Moreover, the subtraction set has expansion 

{1, a, a + r} U {a + r + 2, 2a + r + 1, 3a + r}*^'^''+'-\ 
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3.2. Subtraction games S{1, a, 2a + r). We consider two cases for r: 
(i) r is even, and (ii) r is odd. For (i), we first deal with the case where 
r = 0. 

Theorem 8. Let a > 2 be an even integer. The subtraction game 
S{1, a, 2a) is periodic with period 3a and nim-sequence 

, a , , a , , a— 2 

(01)22(01)5(23) — 2. 

Moreover, the subtraction set has expansion 

{{1} U {a, a + 2, . . . , 2a} U {3a - 1}}*^". 

When r > 2, we separate two different cases comparing r and a: 
a = r + 2 and a > r + 4. We now solve the case where a = r + 2. Note 
that when a = r + 2, the game 5(1, a, 2a + r) becomes 5(1, a, 3a — 2). 

Theorem 9. Let a > 4 be an even integer. The subtraction game 
iS(l,a,3a— 2) is ultimately periodic with period 3a — 1 and nim-sequence 

(01)t-i2(01)t2(01)t-i2. 

Moreover, if a = 4 then the subtraction set is non- expandable; other- 
wise, the subtraction set has expansion 

{1, a, 3a - 2, 3a} U {4a - 1, 6a - l}*^^"-^). 
When a > r + 4, we have 

Theorem 10. Let r, a be even integers with r > 2, a > r + 4. The 
subtraction game S{1, a, 2a + r) is ultimately periodic with period 3a + r 
and nim-sequence 

(01)5+^2((01)t-^2)2(01)5+i(23)^-'2. 

Moreover, if r = 2 then the subtraction set is non- expandable; other- 
wise, the subtraction set has expansion 

{1, a, 2a + r, 2a + r + 2, 3a + r + 1, 5a + 2r + 2}. 

For (ii), we will first present the games with r = 1. Note that the 
following result can be deduced from Theorem [21 because 2a +1 belongs 
to the expansion of the subtraction game iS(l, a). 

Theorem 11. Let a > 2 be an even integer. The subtraction game 
S{1, a, 2a + 1) is periodic with period a + 1 and nim-sequence 

(01)22. 

Moreover, the subtraction set is non- expandable. 
When r > 3, we have 
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Theorem 12. Let r > 3 be an odd integer and a > r + 1 be an even 
integer. The subtraction game 5(1, a, 2a + r) is periodic with period 
3a + r and nim-sequence 

((01)52)2(01)^(23)^2. 
Moreover, the subtraction set has expansion 

{1, a, a + 2, 2a + r - 2, 2a + r, 3a + r - l}*(3'^+0. 

3.3. Subtraction games 5(1, a, 3a + r). We will consider two cases 
for r: (i) r is even; and (ii) r is odd. For (i), there are two different 
rules for r depending on whether r = or r > 0. For the former case, 
we have 

Theorem 13. Let a > A be an even integer. The subtraction game 
5(1, a, 3a) is periodic with period 3a + 1 and nim-sequence 

((01)^2)2(01)^^^2. 

Moreover, the subtraction set has expansion 

{l,a,2a+ l,3a}*(^'^+i). 

If r > 0, we first consider the cases r = 2, 4. By Theorem [2], we have 

Corollary 1. Let a,r be even integers with r = 2,4 and a > r. The 

nim-sequence of the subtraction game 5(1, a, 3a + r) is exactly that of 
the subtraction game 5(1, a). 

Proof. We first consider the game 5(1, a). We have shown in the section 
2 that the game 5(1, a) is periodic with period 1 + a. Moreover, an 
integer b can be added into the subtraction set without changing the 
nim-sequence if and only if 6 G {1, a}*^^"'""\ Now consider the integer 
3a + r. Note that 

fa + 2(1 + a), ifr = 2; 
3a + r = < 

|l + 3(l + a), ifr = 4 

and so 3a + r G {1, a}*'^^"''") for r = 2, 4. This completes the proof. □ 
For r > 6, we have 

Theorem 14. Let a,r be even integers such that a > r > 6. The 
subtraction game 5(1, a, 3a + r) is periodic with period Aa + r and nim- 
sequence 

((01)t2)^(23)5-2_ 
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Moreover, ifr = 6, the subtraction set has expansion 
{1, 2, a + 2, 2a + 3, 3a + r - 2, 3a + r, 4a + r - 
otherwise, the subtraction set has expansion 

{1, 2, a + 2, 3a + r - 2, 3a + r, 4a + r - l}*(4a+r)_ 

For (ii), we first present the case where r = 1: 

Theorem 15. Let a > 2 be an even integer. The subtraction game 
5(1, a, 3a + 1) is periodic with period 4a + 1 and nim-sequence 

((01)52)^(23)5-12. 

Moreover, the subtraction set has expansion 

{l,a,a + 2,3a- l,3a + l,4a}*(^"+i). 

When r > 3, we have three cases: a = r + l, a = r + 3 and a > r + 5. 

Theorem 16. Let r > 3 be an odd integer and a = r + 1. The sub- 
traction game S{1, a, 3a + r) is ultimately periodic with period 4a and 
nim-sequence 

((01)t-i2)'((01)t2)2. 

Moreover, if r = 3 then the subtraction set is non- expandable; other- 
wise, the subtraction set has expansion 

{l,a,4a-l}U{4a+l,5a}*('i"^ = {1, a, 3a+r}U{3a+r+2, 4a+r+l}*(^"\ 

Theorem 17. Let r > 3 be an odd integer and a = r + 3. The sub- 
traction game S{1, a, 3a + r) is ultimately periodic with period 4a — 2 
and nim-sequence 

((01)t-i2)3(01)t2. 

Moreover, if r — 3 then the subtraction set is non- expandable; other- 
wise, the subtraction set has expansion 

{1, a, 4a-3, 4a-l, 5a-2, 9a-4} = {1, a, 3a+r, 3a+r+2, 4a+r+l, 7a+2r+2}. 

Theorem 18. Let r > 3 be an odd integer and a > r + 5 be an even 
integer. The subtraction game S{1, a, 3a + r) is ultimately periodic with 
period 4a + 1 and nim-sequence 

(01) — 2((01) 2-^2)3(01) — (23)^^2. 

Moreover, if r — 3, the subtraction set is non- expandable; otherwise, 
the subtraction set has expansion 

{1, a,3a + r,3a + r + 2,Aa + r + l,7a + 2r + 2}. 
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4. Subtraction games S{a, b,a + b) 



In this section, we discuss the extension of the subtraction set of the 
game S (a, b,a + b) with 2 < a < b. Note that b can be represented 
as fca + r for some integers k,r with < r < a — 1. Recall from [H 
p. 531] that when k is odd, the game S{a, b, a+b) is periodic with period 
{ka + a + b) and nim-sequence 



Moreover, we have 

Theorem 19. Let a, b be positive integers such that 2 < a < b. Con- 
sider the subtraction game S{a, b,a + b). Assume that b = ka + r where 
k is odd and < r < a. The subtraction set has expansion 



When k is even, it is claimed in [H p. 531] that the game is periodic 
with period (26 + r)a. We have not seen a proof of this claim, and 
at present we do not know the nim-sequence or expansion set for this 
case. 

5. Subtraction games S{a, ka + r,{k + 2j)a + r) 

In this section and the next we give further results without proof for 
some 3-element subtraction sets. As we show, there are special cases 
where, with sufficient effort, one can observe the pattern of periodicity. 
Nevertheless, there are many cases where behaviors are more difficult 
to discern. 

We will deal with two general cases with j = 1,2 and one special 
case with j = 3, r = 1. 

Theorem 20. Let a,k,r be positive integers with a > 2,r < a. The 
subtraction gameS{a, ka+r, {k+2)a+r) is periodic with period ka+a+r 
and nim-sequence 



(0«r)^(2"3'^)V2'^3^ 



{{sa : s is odd, s < k} 
U{ka + l,ka + 2,...,b + a} 

U{6 + sa : s is odd, s < k}y 



*(6+(fc+l)a) 




Moreover, the subtraction set is non- expandable. 
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Theorem 21. Let a,k,r be positive integers with r < a, k > 3. The 
subtraction game S{a,ka + r,{k + 4:)a + r) is periodic with period 2ka + 
4a + 2r and nim-sequence 

((0«l«)fo^2'^-a^)23"-'^0''2'^-^r, ifk IS even; 
((0n")^2'')^0"-''3'^l''~^'2'', otherwise. 

Moreover, in both cases, the subtraction set has expansion 

{a, ka + r, (A; + 2)a + r,{k + 4)a + r, {2k + 3)a + 2r}*(2'=«+4«+2r) 

Theorem 22. Let a, k be integers such that a > 2, k > 3 and k is odd. 

The subtraction game S{a, ka + 1, (A; + 6)a + 1) is periodic with period 
2ka + 6a + 2 and nim-sequence 

((o"r)^2)2(o"-^3r-^2)l 

Moreover, the subtraction set has expansion 

{a, ka + 1, (A; + 2)a + l, (A; + 4)a+l, (A; + 6)a + l), (2A; + 5)a + 2}*(2'=«+6«+2)_ 



6. Subtraction games S{a, 2a + r, 3a + r + 1) where r + 1 < a 

We first consider the subtraction game 5(a, 2a, 3a + 1), where a > 
2. Ahhofer and Biihermann [2] showed that the subtraction game 
S{a, 2a, 3a + 1), where a > 2, has pre-period 4a — 1 and period 




3, if a = 2; 

4a + 1, if a > 2. 



For a > 2, it can be checked that the nim-sequence is 

^Qa-l2ia-lQ2a-l^Q3a-22_ 



Theorem 23. Let a > 2 be positive integers. Consider the subtraction 
game S{a, 2a, 3a + 1). The subtraction set has expansion 

{a}U{2a,3a+l,5a}*(^'^+^\ 

Theorem 24. The subtraction game S{a, 2a + 1, 3a + 2), where a>2, 
is periodic with period 4a + 2 and nim-sequence 

0''1''02"-^103"-221. 

Moreover, the subtraction set is non- expandable. 
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Theorem 25. The subtraction game S{a, 2a + 2, 3a + 3) with a > 4 is 
ultimately periodic with period 4a + 3 and nim-sequence 

2''~2ll003""^22110''"^2r"^00. 

When a = 4, the subtraction set is non- expandable. Otherwise, the 
subtraction set has expansion 

{a, 2a + 2, 3a + 3} U {3a + 4}*(^"+3)_ 



7. More on ultimately bipartite subtraction games 

Some ultimately bipartite subtraction games were exhibited in 
In particular the games with subtraction sets {3, 5, 2^ + 1}, for k > 3, 
and {a, a + 2, 2a + 3}, for odd a > 3, are all ultimately bipartite. 
In this section, we first present another family of ultimately bipartite 
subtraction games with 3-element subtraction sets. We then consider 
the expansions of subtraction sets of ultimately bipartite subtraction 
games. 

Theorem 26. For odd integer a > 5, the subtraction game S{a,2a + 
1, 3a) is ultimately bipartite. 

Before giving the proof for Theorem [261 we need the following ele- 
mentary fact: 

Lemma 2. Suppose that the position set of a game G is the disjoint 
union of two sets A, B such that 

(1) for every position p in A, all the moves from p terminate in B, 

(2) for every position p in B, there is a move from p that terminates 
in A. 

Then A is the set of positions of nim-value zero, and B is the set of 
positions of nim-values non-zero. 

Proof of TheoremlEB Throughout the proof, the set {x, x+1, x+2, ...,?/} 
is denoted {x, . . . ,y}. Let k = Let Aq, Aq^ be the sets of even 
integers in the sets {a + 1, . . . , 2a — 2}, {2a + 2, . . . , 4a — 2} respectively. 
For every nonnegative integer i < k, let Ai^i, A2,i, A^^i be the sets of 
even integers in the sets 

• {5a + 3 + z(4a + 2), . . . , 6a - 2 + iAa}, 

• {6a + 4 + 2(4a + 2), . . . , 7a - 1 + iAa}, 

• {7a + 3 + i{Aa + 2), . . . , 8a - 2 + iAa} 
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respectively. For every nonnegative integer i < k, let Bi be the set of 
odd integers in the set 

{4a + 3 + i(4a + 2), . . . , 5a - 2 + i4a}. 

Set 

A = AoU Ao,o U Ai^i 

1<1<3 
0<i<k 

B= U Bi, 

0<i<k 

C = {i:ieZ,0<i<a-l}, 

D = C U B U ({even positive integers} \ A). 

Let Si = a, S2 = 2a + 1,S3 = 3a, I = {1,2,3}. The theorem follows 
from Lemma [21 provided we prove that 

(a) if m G -D, then m — Si ^ D, for all / G /, 

(b) if m ^ D, then m — Si E D for some / G /. 

In the following, if two sets X, Y satisfy the condition maa;(X) < 
min{Y) then we write X < Y. For a given set X of integers and a 
given integer y, the set {x + y : x E X} is denoted X + y. We skip the 
proof for following elementary facts 

(i) 

Ai^i < A2,i < As^i {0<i< k), 

Ao < Ao,o <Bo< Ai^o <Bi< A,i < ■ ■ ■ < fifc < (/ = 1, 2, 3). 

(ii) Bi-a = As^i^i \ {mm(A3,i_i)}. 

(iii) Bi - (2a + 1) = A2,i-i \ {max{A2,i-i)}. 

(iv) Bi - 3a = Ai^i^i \ {mm(Ai,j_i)}. 

(v) So - a C Ao,o, 

(vi) Bo - (2a + 1) C Ao,o, 

(vii) Bq — 3a = Aq \ {min{AQ)} . 

(viii) For 1 < / < 3, A; ^ is singleton. The element of A; ^ is denoted 
by ai^k- Thus, Ai^k = {aik} 

For (a), let m G -D and m > a. If m is odd, then m E Bi for some i. 
If 2 = 0, then using properties (v) - (vii), 

m - si e Bo - si C AqU Ao,o 

for all / G / and so m — si ^ D. If i > 0, for all / G /, properties (ii)- 
(iv) give 

m - si e Bi - si C U A2,i-i U A3,i_i 

and so m — si ^ D. If m is even, then m — is odd for all / G /. 
Therefore, for all / G /, m — s; ^ -D if only if m — Si ^ B. We prove (a) 
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by contradiction. Assume by contradiction that m — si & D for some 
I G /. We have then m — Si ^ B. There must be then some i < k such 
that m — Si E Bi and so m G -Bj + S;. It can be checked that 

(5) Bi + si = Ai^i where < z < A;, 1 < / < 3. 

Note that A; j C A and so m ^ D giving a contradiction. Therefore, 
m — si ^ D for all / G /. 

For (6), let m ^ D. If m is even, then m E A and m > a. Since 
m E A, either m G or m G Aq^q or m G Ai^i for some /, i where 
1 < / < 3, < 2 < A;, lime Ao, then a + 1 < m '< 2a - 2. Therefore, 
l<m — a<a — 2 and so m — a e C G D. If m G Aq^, then 

2a + 2 < m < 4a — 2. Let ao,o = ^ ^ ' ' = Sa. bmce a is 

odd, ao,o is odd and so m 7^ ao,o- If m < ao,o, then 2a + 2<m<3a — 1 
and so 1 < m — (2a + 1) < a — 2 which implies m — (2a + 1) G C C -D. 
If m > ao,05 then 3a + 1 <m<4a — 2 and sol<m — 3a<a — 2 which 
implies m — 3a e C G D. If m G Ai^i for some /, i, then m — G -Bj by 
(E]) and so m — si G D. 

If m is odd, then m > a and m ^ B. Assume that m — a ^ D and 
m — (2a + 1) ^ D, we show that m — 3a G -D. Assume by contradiction 
that m — 3a ^ D. Since m — 3a is even, we must have m — 3a G A which 
implies that either m — 3a G or m — 3a G Aq^ or m — 3a G Ai^i for 
some I, i where l<Z<3,0<z<A;. We claim that only the third case 
occurs. If m — 3a G Aq, then m — 3a = min{AQ). In fact, if otherwise, 
(vii) implies that m G Bq giving a contradiction. Since min{AQ) = a+1, 
we have m — (2a + 1) = 2a. Note that maxlAQ) < 2a < minlAoQ) . By 
(i), we have m — (2a + 1) ^ A which implies that m — {2a + 1) G -D 
giving a contradiction. If m — 3a G ^0,0, note that m — 3a is even and 
so m — 3a 7^ ao,o- If m — 3a < ao,o, then 2a + 2 < m — 3a < 3a — 1 and 
so 

max(y4o,o) <4a + 2<m — a<5a— 1< mm(Ai_o). 

By (i), m — a ^ A and so m — a G D giving a contradiction. If 
m — 3a > ao,o, then 3a + 1 < m — 3a < 4a — 2 and so 

max{AQfl) < 4a < m — (2a + 1) < 5a — 3 < min{Aifi) . 

By (i),m — (2a + l) ^ A and som— (2a + l) G -D giving a contradiction. 
We have shown that m — 3a ^ Aq U Aq^q. Consequently, m — 3a G Ai^i 
for some /, i where l</<3,0<i<A;. 

We show that i < k. Assume by contradiction that i = k. Note that 
the sets Ai^k, where 1 < / < 3, are singletons by (viii). If m — 3a G Ai^k, 
then 

m — 3a = ai^k = 6a — 2 + Ma 
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implying m = 3a + 6a — 2 + kAa. Therefore, 

< m — (2a + 1) = 7a — 3 + Ma < a2,k 

and so m — (2a +1) ^ A (by (i)). This means m — (2a + 1) e D giving 
a contradiction. If 

m - 3a e A2,k U A^^^ = {a2,k, a3,k}, 

then m — 3a > a2^k = 7a — 1 + k4a or 

m — a>9a — 1 + Ma > 8n — 2 + Ma = as^^ = max{A) 

and so m — a ^ A. It follows that m — a & D giving a contradiction. 
Thus, i < k. 

We now consider possible cases for L If Z = 1, then i — and so 
m — 3a e ^1,0- Since m ^ Si, (iv) implies that 

m — 3a = mm(Ai,o) = 5a + 3 

and so 

m - (2a + 1) = 6a + 2. 

Note that 

max{Ai^o) < 6a + 2 < mm(A2,o)- 

By (i), m — (2a+l) ^ A and so m — (2a + l) e giving a contradiction. 
If / = 2, then 

6a + 4 + i(4a + 2) < m - 3a < 7a - 1 + i4a 

and so 

8a + 4 + i(4a + 2) < m - a < 9a - 1 + i4a = 5a - 1 + (i + l)4a 

which implies that max{As^i) < m—a < mm(Ai_j+i). By (i), m—a ^ A 
and so m — a & D giving a contradiction. If Z = 3, then 

7a + 3 + i(4a + 2) < m - 3a < 8a - 2 + i4a 

and so 

8a + 2 + i(4a + 2) < m - (2a + 1) < 9a - 3 + i4a = 5a - 3 + (i + l)4a 
which implies that 

maxlA^^i) < m — (2a + 1) < min{Ai^i^i). 

By (i), m — (2a + l) ^ A and so m— (2a + l) e D giving a contradiction. 

□ 

We now give three partial results that place limitations on the ex- 
pansions of subtraction sets of ultimately bipartite games. First we 
recall a well known result. 
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Lemma 3 (Ferguson's property). ^ p. 86] Let S he a subtraction set 
and s = min{S). Then G{n) = if and only if Q{n + s) = 1 for all n. 

Lemma 4. Let S{si, S2, ■ ■ ■ , Sk) be an ultimately bipartite subtraction 
game with pre-period > 0. Then Uq > Si + Sk- 

Proof. Note that Si > 1 by Theorem [H Consider the first Si + nim- 
values Q (0) , Q (1) , . . . , Q {si + Sk — I) . Note that the first si nim- values 
of the subsequence are all zero and so the last si nim-values of the 
subsequence are non-zero as Q{m + s^) 7^ Gim) for all m < si — 1. 
Therefore, the periodicity must start at some > si + Sk- □ 

Lemma 5. Let S{si, S2, ■ ■ ■ , Sk) be an ultimately bipartite subtraction 
game with pre-period uq > 0. Then Q{no) = 0, Q{no — 1) > 2, Q{no — 
2) = 0, and Q{nQ — 1 — Sk) = 1- 

Proof. For the moment let m = rio if Q{no) = and set m = + 1 if 
Qino) = 1, so that Q{m) = 0. We have 

Jo, if i is even; 
(6) g{m + ^) = <^ . 

I 1, otherwise. 

Therefore, Q{m — 2 + si) = 1 and hence by Ferguson's property, Q{m — 
2) = 0. Notice that Q{m — 1) ^ 1, as otherwise the periodicity would 
commence at Q{m — 2) or earlier. In particular, ^(ng) = and so 
m = Uq. Also by Ferguson's property, Q{no — 1) 7^ 0, as otherwise 
Q{no — 1 + si) = 1 contradicting IQ. So Q{no — 1) > 2. We now show 
that Q{nQ — 1 — Sfc) = 1. Note that 

Q{nQ — 1) = mex{Q{nQ — 1 — Sj) : 1 < z < k}. 

For each i < k, we have Q{no — 1 — Si) 7^ ^(no — 1 — Sj + s^). Moreover, 
by dn]), we have Q{nQ — 1 — Sj + s^) = 1. Therefore, Q^Uq — 1 — Sj) 7^ 1 
for all i < k. It follows that Q{no — 1 — s^) = 1. □ 

Lemma 6. Let S{si, S2, . . . , Sk) be an ultimately bipartite subtraction 
game that is not bipartite. If s can be added into the subtraction set 
without changing the nim-sequence then s < Sk- 

Proof. Assume by contradiction that s > Sk. Note that all Si are odd 
and greater than one. We also have s > 1 and s is odd. By Lemma 
m we have no > si + s. By Lemma O Q{no — 1 — Sk) = 1 and so 
Q{nQ — 1 — Sfe + s) 7^ 1. This contradicts ([6]) as s — 1 — is odd. □ 



18 



NHAN BAO HO 



8. Two CONJECTURES 



In this section, we present two conjectures that have come out of 
our investigations. The first conjecture concerns ultimately bipartite 
subtraction games and is motivated by our studies in the previous 
section. 

Conjecture 1. The subtraction set S of an ultimately bipartite sub- 
traction game is non- expandable. 

The second conjecture concerns arbitrary subtraction games. Recall 
that the nim-value of the pile of size n for the game G is denoted by 
Q{n). We define a function V on the positions of G as follows: 



Since the sequence {G{n)} is periodic, so too is {V(n)}. The periodicity 
of {V(n)} for some subtraction games can be found in [2J. 

Conjecture 2. For every subtraction game, the sequences {G{n)} and 
{V(n)} have the same period p. 

It seems that finding the periodicity of the sequence {V(n)} for G 
is easier than finding that of the nim-sequence {Q{n)}. Therefore, 
Conjecture [2] may be useful in determining the periodicity of other 
subtraction games. 



I am grateful to my supervisor. Dr. Grant Cairns, for several valuable 
suggestions regarding content and exposition. 
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